MATH1013 Calculus | Chapter 2 Limits and continuity
L02, L10 (Fall 2025)

Chapter 2 Limits and continuity

1. Limits of a function

Limit is a fundamental concept of calculus. We define the limits of a function in the following
informal yet intuitive way. When a is a number and f is a function that is well-defined near a

(but is not necessarily well-defined at a), we can talk about the “limit of f(x) as x tendsto a”.

Definition 2.1 (Informal definition of limit) Let a be areal numberand f be a function which is
well-defined on an open interval that contains a, except possibly at a. If the number f(x) gets
closer and closer to a unique real number L when x gets closer and closerto a but x # a, then
L is called the limit of f(x) as x tendsto a. Insymbols we write

“f(x) > L as x - a”,

or more compactly,
lim f(x) = L.
xX—a

Note that such a limit L may or may not exist.

Example 2.2 Let a be areal number. Itis obvious that

limx = a.
x—-a

Example 2.3 Evaluate each of the following limits, if it exists.

@) limx? (b)  lim— © lim 2
a) limx im c) lim
x—2 x-2X — 2 x->2 X — 2
Solution: o V=%
(a) When x gets closer and closer to 2 but x # 2, the number x?2 J'4 _____
gets closer and closerto 4. So f i
lim x2 = 4. >l
x—-2 2 -
(b) When x gets closer and closer to 2 but x # 2, the number ﬁ A yzx_iz

either becomes a very large positive number or a very large

negative number. It is not always getting closer and closer to any \\

. .1 .
particular real number. Therefore lim o does not exist.
X—>2 X~
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2_
(c) Let f(x)= %. Then for every x # 2, we have
v
x> —4 (x-=-2)(x+2)
f&) x—2 x—2 X+ A

Now as x gets closer and closer to 2 but x # 2, the number

f(x) gets closer and closerto 4. Therefore

Limits and continuity

2

lim
x-2 X —

[Note that although f(2) is undefined, we don’t care.]

> =9161_rg(x+2) = 4.

Example 2.4 Let f:R — R be the Heaviside step function which is defined by

0 ifx<0
fo ={; x>0

Evaluate the limit lir% f(x) if it exists.
X—

Solution:
No matter how close x getsto 0 and x # 0, f(x) is sometimes 0
and sometimes 1. So f(x) is not always getting closer and closer

to a unique real number. Therefore

y=f)

\ 4

lim £ (x)

does not exist.

Remark 2.5 It is important to identify the difference between the two statements
lim f(x) =L and f(a) = L.
x—a

The key difference is that

® lim f(x) is about the values of f when the input is close to but not equal to a, whereas
xX—a

® f(a) isthevalue of f when the input is exactly equal to a.

So when computing lim f(x), we do not care about the value f(a) atall. f(a)
x—a

© well-defined (f(2) = 4 asin Example 2.3 (a) or f(0) =1 asin Example 2.4),
® undefined (as in Example 2.3 (b) and (c));
but it is irrelevant anyway. When computing the limit we focus only on those va

may be

or

lues f(x) when

x is near a but not equal to a. That is why we are allowed to cancel common factors (x — a)

appearing in both the numerator and the denominator of f(x), as in Example 2.3 (c).
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The limit of a function at a number is unique by the informal definition.

Theorem 2.6 (Uniqueness of limit) Let a be a real number and f be a function. If real
numbers L and M are both limits of f(x) as x tendsto a, then L = M.

Example 2.7 Evaluate the limit

lim cos—
x—-0 X

if it exists.

Solution: 1

— N AlA

. 1. .
In particular, no matter how close x gets to 0 and x # 0, the value of cos— is sometimes —1
and sometimes 1, and is not always getting closer and closer to a unique real number. Therefore

. 1 .
lim cos~ does not exist.
x—0 X

The trend of f(x) for x near a can be divided into two parts, either x —» a from the “left” or

x — a from the “right”. These are called one-sided limits.

Definition 2.8 Let a be areal number.

® Let f be a function that is well-defined on an open interval with right end-point a. If the
number f(x) gets closer and closer to a unique real number L when x gets closer and
closer to a and x < a, then L is called the “left-hand limit of f(x) as x tendsto a”. In

2

symbols we write “f(x) = L as x = a~”, or more compactly,

lim f(x) = L.
xX—a
® If f is well-defined on an open interval with left end-point a, then we define lim+ f(x), i.e.
x—-a

the “right-hand limit of f(x) as x tendsto a”, in a similar manner (when x gets closer and

closerto a and x > a instead).
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Example 2.4 Let f:R = R be the Heaviside step function

0 ifx<0
fo ={; x>0

Then

lim f(x) =0 and lim f(x) = 1.
x—-0~ x-0%

Example 2.7 Let f:R\ {0} > R be the function

1
fx) = cos .
Then both
lim f(x) and lim f(x) do not exist.
x—0~ x-0%

Example 2.9 The diagram on the right shows the graph of a

function f. According to the graph, we have

lim f() =2, lim f(x)=2 and  f(0)=2; P sz
Jim fG) =4 lmf)=1 and f(2)=2 /

xlll}}l_ f(x) =0, xlil}}r f(x)=3 and f(4) =3.

Theorem 2.10 (Limit Existence Criterion) Let a be a real number and f be a real-valued

function which is well-defined on an open interval that contains a, except possibly at a. Then

limf(x) =1L if and only if lim f(x) = lim, f(x) = L.
xX—a x—a xX—a

Example 2.11 Let f:R — R be the absolute value function

_ _(—x ifx<0
f(x)_lxl_{x ifx >0
Then
lim f@)=lim(-)=0  and  lim f()= limx =0,
SO
lim|x| = 0.
x—0
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Remark 2.12 Let a be a real number and suppose that f is a piecewise defined function with

different formulas for x < a and for x > a. In order to find )lcl_r)rtlz f(x), we do the following:

(i)  First find xlirgn_ f(x) and xli%f(x)' If any of them does not exist, neither does 9161_13;11 f(x).

(ii) If both of them exist, then we next check whether xllrcrll_f(x) = xl_iglJrf(x). If they are equal,
then )lcl_r)r‘ll f(x) exists and equals to the same number; if not, then 9lcl_r)r£11 f(x) does not exist.

Note again that whether lim f(x) exists is irrelevant to whether f(a) is well-defined.
xX—-a

Example 2.13 The diagram below shows the graph of a function f.

)\\
4

(@) Using this graph, evaluate the one-sided limit lirgl f(f(x + 2)).
x—-0"

(b) Does the limit lir% f(f(x +2)) exist?
X—

Solution:
(@) As x > 07, wehave x + 2 —» 27, so from the graph we see that f(x + 2) - 4.
From the graph again, we see that f(f(x + 2)) — 3. Therefore

xlirgl_f(f(x +2)) =3.

(b) As x > 0", we have x + 2 —» 2%, so from the graph we see that f(x +2) - 1.
From the graph again, we see that f(f(x + 2)) — 3. Therefore

xlir(r)1+f(f(x +2)) =3.

Combining this with (a), we conclude that lir’% f(f(x + 2)) exists and is also 3.
X—
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2. Rules and techniques of computing limits

Here are some more properties of limits of functions, regarding the interactions with arithmetic

operations of functions.

Theorem 2.14 Let a and c be real numbers and let f and g be functions such that both

lim f(x) and lim g(x) exist as finite real numbers. Then
xX—-a x—-a

(i) limc=c
xX—a

(i) lim[f(x) £ g(x)] = lim f(x) % lim g(x)
(iii) ;lcl—% cf(x) = c}ci_rgf(x)

(iv) lim [f(x)g(x)] = lim f (x) lim g(x)

L feo _ Hm st . .
amee T ;lcil%g(x)l provided that 9161_r)1611 g(x) # 0.

(v)

c
(vi) lim[f(x)]¢ = [lim f (x)] , provided that both sides are well-defined.
X—a X—a

Similar statements also hold for one-sided limits.

Example 2.15 Evaluate the limit
lim(3x% + V)
x-1

and explain carefully which rules in Theorem 2.14 have been applied in each step.

Solution:

As observed in Example 2.1, we have lirq x =1. Then,
x>

2
© limx?= (lim x) =12 =1 by (vi),and so lim3x? =3 (lim xz) = 3(1) = 3 by (iii).
x—1 x—-1

x—1 x—1
1 3z 1
® Moreover, limvx = limxz = (lim x) =12 =1 by (vi) again.
x—-1 x—1 x—1

Therefore, we have
lim(3x2 + \/x) =lim3x?>+limvVx=3+1=4
x—1 x—1 x—1

by (ii).
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Note that Theorem 2.14 does not apply when the conditions are not met.

Example 2.3 Itisincorrect to say that

1 lin% 1 X2 _ 4 lirr%(x2 —4)
li = —X= , that li == .
2 x—2 lirr%(x -2) X ortha 2 x =2 lirr%(x -2) X
X— X

This is because lirr%(x — 2) = 0; but when applying Theorem 2.14 (v) we need lim g(x) # 0.
x= x—-a

Remark 2.16 The formulas in Theorem 2.14 hold only when the limits on both sides all exist as
real numbers. In particular, if some limit on one side of the equality does not exist, we cannot

conclude that the limit on the other side of the equality does not exist either.

Example 2.17 Let
1

2 gx) = —% and h(x) = x.

flx) =
Then

. . . . i [ (D] = s _
O] }Cl_r}(l)f(x) and chlil?)g(x) do not exist, but }Cl_r}é[f(x)+g(x)] —chli% [x+( x)] lim0 =0

x—0

still exists as a real number. In this situation, Theorem 2.14 (ii) is not applicable.
® lim f(x) does not exist, but lim[f(x)h(x)] = lim (lx) =lim1 =1 still exists as a real
x-0 x-0 x—0 \X x-0

number. In this situation, Theorem 2.14 (iv) is not applicable.

Example 2.18 Suppose that

Y fx)—3
im———— =

lim—-—— 5.

Find lim f(x).
X—2
Solution:

For every number x # 2 in the domain of f, we have f(x) = f(;—_)f (x —2) + 3. Therefore
fo) =3
x—2

_ fx) -3
= lim———

x-2 X —
=5-0+3
= 3.

lim f(x) = lim (x—2)+3
x—2 x—2

~lim(x —2) + lim 3 (since all three limits exist)
x—2 x—a
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The elementary functions introduced in chapter 1 are nice, in the sense that we can directly

substitute the value of an elementary function when computing its limit at a point in its domain.

Theorem 2.19 Llet f be a polynomial, a rational function, a power function, an exponential
function, a logarithmic function, a trigonometric function or an inverse trigonometric function.

Then for every a in the interior of the domain of f, we have

lim f(x) = lim f(x) = lim _f(x) = f(a).

Example 2.20 From Theorem 2.19 we can deduce that
Cox2+3x+1 12+43(1)+1 o _ _ L
lim = =1, limsinx = sin1, lime* =e' =e¢,
x->1  4x +1 4(1)+1 x—1 x-1

because 1 is in the interior of the domain of each of the above elementary functions. However,

each of the following is incorrect!

im -4 _Z-4_0 lim tanx = tan—., X limlnx = In0. X
im—=——7=7 xl_r)%anx—anz, limInx = In0.

Example 2.21 Let a be areal number,and let f:R = R be the function defined by

_(macosx+2 ifx<m
fe) = {azx2 ifx>m

Find all the value(s) of a such that lim f(x) exists.
X—-T

Solution: A
4
From the given definition of f, we have y =X
y=—2cosx+ 2
lim f(x) = lim (macosx + 2) =macosm + 2 = —ma + 2, 4
X-OTT™ X~
lim = lim a®x? = a’n?. >
x-mt f(x) x-mt 0 l
when a = —=
In order that lim f(x) exists, we need lim f(x) = lim f(x); so
X XoT~ xomt
—ma + 2 = a’n? 0 y=Ly2
= m?a’+ma—2=0 "
= (ma+2)(ma—-1)=0 y=cosx+2 3
. 2 1
which gives a = —= or a = -. 1
Vs A N
0 T
when a ==
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When we try to compute limits by direct substitution, we sometimes encounter an indeterminate
form like g. This may happen when the limit is not taken at a point in the domain of the function

(cf. Example 2.20). Factorization and rationalization are two useful methods to deal with these
indeterminate forms. The identities

a’? —b?=(a—-b)(a+b)

a® — b3 = (a—b)(a?+ ab + b?)

a®—b"=(a—-b)( @+ a*?%b+ -+ ab™ %+ bh" 1)

are often useful.

Example 2.22 Evaluate the following limits:

. V2+x—2 o A2 y V-1
@ O 2 R L
Solution:
(a) [We aim to cancel the factor (x — 2) in the denominator.]
L VIEE-2 <\/2+x—2 \/2+x+2>  (VzEx) -22
im——— = lim . = lim
x=2 X =2 =2\ x—2 2+4+x+2) »2(x-2)(V2+x+2)

x—2 1 1

1
= lim = lim = =
=2(x—2)(V2+x+2) *2V2+x+2 V2+2+2 4

(b) [We aim to cancel a factor that makes the denominator zero.]
A4 =2 (2924 (2792 -2(2%)(27)
lim——— = lim
x>0 4% — 4~ x50 (zx)z _ (Z—x)z
3 l (Zx _ Z—X)Z
T A0 (28— 22X+ 27%)
2% —27x 20270

=My zr 20520 0
(c) [We aim to cancel the factor (x — 1).]
limi/;_l—lim Vx—1 (3\/;)2-'_%-'_1 = lim —
-1 x—1 xo1|x—1 (3\/})2+§/§+1 x_>1(x_1)[(§/§)2+3\/§+1]

1 1 1

l = =
’an(i/})z+i/5+1 GO +¥i+1 3
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We may apply changes of variables when computing limits, which sometimes change the limit to a
form that we are more familiar with. We have already applied this idea in Example 2.13 when we

computed a limit using the graph of the function.

Theorem 2.23 Let a and b be real numbers and let f and g be functions. If g is a

non-constant elementary function such that lim g(x) = b, then one can apply the change of
x—-a
variable t = g(x) to obtain
limf(g(0) = lim f(g(0) =limf(®),

provided that the last limit exists. A similar statement also holds for one-sided limits.

Example 2.22 (c¢) Evaluate the limit

o Vx—1
lim .
x-1 x—1

Solution:
This time we use the change of variable t = Vx; then x =t3. Wethenhave t > 1 as x - 1,

so
m = i L i
-1 x—1 1t3 -1 1(t—-1D)(2+t+1)
1 1 1

I - S
M2 +c+1 124141 3

Another useful tool for computing limits is the following Squeeze Theorem (also known as Sandwich

Theorem), which follows from the following lemma.

Lemma 2.24 et a be a real number and let f and g be functions such that both limits

lim f(x) and lim g(x) exist. If f(x) < g(x) forevery x near a, except possibly at a, then
xXx—a x—a

lim f(x) < lim g(x).
x—-a x—a

A similar statement also holds for one-sided limits.
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Theorem 2.25 (Squeeze Theorem / Sandwich Theorem) Let a be a real number and let f, g
and h be functions. If g(x) < f(x) < h(x) forevery x near a except possibly at a, and if

lim g(x) = lim h(x),
xX—a xX—a
then lim f(x) exists and also equals to the same limit. A similar statement also holds for
xX—a

one-sided limits.

Squeeze Theorem is particularly useful when we can bound a complicated target function by two
simpler functions which have the same limit, as illustrated in the diagram below.

A

y = h(x)
/ /
\ 4

Ql--

/ 7
y=gKx)
The inequalities
—1<sinx<1 and —1<cosx<1,

which hold for every real number x, are often useful.
Example 2.26 Evaluate the limit

. .1

lim x sin—,

x—-0 X
if it exists.
Solution:

Noting that —1 < sinxi <1 forevery x # 0, we have

—Xx<xsin—5<x forx > 0, and XS xsin— < —x for x < 0.
X X

Combining both cases, we always have
1
—|x| stmx—zg |x| for every x # 0.
Since lirré —|x] =0 and lirrélxl = 0 (cf. Example 2.11), by Squeeze Theorem we have
xX—> xX—>

1
lim x sin — = 0.
x—0 X
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The following is an important limit about the sine function.

Theorem 2.27

sin x

x-0 X

Proof. We first try to evaluate the right-hand limit lirgl+ % Suppose that 0 < x < g, and in
xX—

the coordinate plane we let 0 = (0,0), P = (cosx,sinx) and A= (1,0). Also let B be the
point of intersection of the line OP and the line x =1, so that B = (1,tanx). The points P
and B both lie in the first quadrant, as shown in the diagram below.

A

\4

Now it is clear that
Area of AOPA < Area of sector OPA < Area of AOAB,

1 < 1 - 1t
—sinx < —x < —tanx.
2 2 2
Since 0 <x < %, we have cosx > 0, so we may rearrange the above inequality to get

sin x

cosx < <1

Now liI‘(I)l+ cosx =cos0=1 and lirglJr 1 =1, so by Squeeze Theorem we have
X— xX—>

. sinx
lim =
x-0t X
On the other hand, with the change of variables t = —x we also have
_ sinx ~sin(—t) ~ sint
lim = lim —— = lim — = 1.
x->0" X t-0t —t t-o0t ¢
Therefore lirr&% exists and also equals to 1. [ |
X—
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The fact that

sin x

lim
x>0 X

is useful when handling limits with g indeterminate forms that involve trigonometric functions.

Example 2.28 Evaluate the following limits:

~ tanbx ~ sinx
(a) lim— (c) lim
x—0 sin 3x X=X — T
1 —cosx ~ sinx —sina )
(b) lim—m—mr (d) lim ———, where ais a real number.
x>0 X x»a XxX—a

Solution:
(a)

y tan 5x Y (sin 5x  3x 5 )

im = lim . .

x-0sin3x x>0\ 5x sin3x 3cosb5x

_ 1 sin 5x y 3x y 5
T %00 5x  x50sin3x %503 cos 5x
As x — 0, we also have 5 5
5x > 0 and 3x - 0. :1'1'ﬁ:§
As x — 0, we also have
(b) x/2 - 0. J
. 2 X . 2
i 1—cosx y 2sin 5 . 1(sin(x/2) 1 12 1
xl—r>r(1) x2 - xliré x2 - xl—r>r(1) 2 x/2 N 2 B 2

(c) With the change of variable t = x — @, we have

~ sinx o osin(t+m) sint

lim =lim—— = lim (— —) =-1.

X->mX — T t—0 t t—0 t

(d) Recall the sum-to-product formula sinx —sina = 2 cosxzﬂsin x;—a Therefore

. . .. X—a . X—a
_ sinx—sina = 2C0s—5—sin— . [sin= x+a
lim——— = lim = lim ¥ —a oS
x-a xX—a x—a X—a x—a 2

. X—a
x—a Sin X+ a a-+a
[Asx_’“'WEhave > 0 =limﬁ-limcos =1"-cos =cosa.
x—a x—a 2 2

Note that this limit includes (c) as a special case when a = m.
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3. Infinite limits and limits at infinity

The concept of limits can also be extended to the case at infinity.

Definition 2.29 Let f be a function.

®© Suppose that f is well-defined on an open interval unbounded on the right. If f(x) gets
closer and closer to a unique real number L when x gets larger and larger, then L is called
the “limit of f(x) as x tends to +o”. In symbols we write “f(x) - L as x - +”, or

more compactly,

lim f(x) = L.

X—4 00

®© If f is well-defined on an open interval unbounded on the left, then we define lim f(x),
X——00

4

i.e. the “limit of f(x) as x tends to —0”, in a similar manner (when —x gets larger and

larger instead).

Remark 2.30 The arithmetic operations (Theorem 2.14), change of variables (Theorem 2.23),
Lemma 2.24 and Squeeze Theorem (Theorem 2.25) also hold for limits at infinity.

On the other hand, we also allow the limit itself to be infinite.

Definition 2.31 Let a be a real number and f be a function which is well-defined on an open

interval that contains a, except possibly at a.

® We say that the limit of f(x) as x tends to a is “+o0” if the number f(x) gets arbitrarily
large, and keeps getting larger and larger when x gets closer and closerto a but x #a. |In

symbols we write “f(x) = +o0 as x — a”, or more compactly,

lim f(x) = +oo.
x—a

®© We say that the limit is “—o0” and write lim f(x) = —oo if lim —f(x) = +oo.
xX—a xX—-a

Remark 2.32 We define one-sided infinite limits in a similar manner as above, except that “x # a”
is modified to “x > a” for the right-hand limit and “x < a” for the left-hand limit. We also extend

the notion to infinite limits at infinity and define symbols like
lim f(x) = 4o
X—+00

and soon. The formulations are similar and are omitted here.
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Chapter 2 Limits and continuity

Having the notions of limits at infinity and infinite limits, we obtain the following useful limits of

some elementary functions immediately from their graphs.

Example 2.33
1 .
lim — = +oo lim — = —oo lim —=0 lim —=0
x—0t X x-0~ X x—+00 X x—>—00 X
=1
A y= x

Example 2.34 Foreach a > 1, we have

lim a* = +o0 lim a* =0 lim log, x = +o0 lim log, x = —co.

x—+00 X—>—00 X—+00 x—-0t
In particular,

lim e* = +o lim e* =0 lim Inx = +o0 lim Inx = —oo.
x—+00 xX—>—00 x—+00 x—-0%
A y=e A y=Inx
1 1 >
_/ >

For each a € (0,1), we have

lim a* =0 lim a* = +o0 lim log, x = —o0 lim log, x = +co.

X—+00 X——00 xX—+00 x—07t
Example 2.35

. - . 7T . n

lim tanx = 4+ lim tanx = — lim arctanx = — lim arctanx = ——
x—(m/2)~ x—(-m/2)* xX—+00 2 X—>—00 2

(SR

y = arctanx

y =tanx
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Example 2.36 Since lim 12 =400 and lim L= 400, we have
x—-0" X x—0%t

x2
1
lim — = +co.
x-0X
Example 2.37 Consider the limit
lim sinx.
X—>+00

We observe that
0 forx =m, 2, 3m,4m, ...

sinx = | s o 57 97
orx—z, >

So no matter how large x becomes, sinx is sometimes 0 and sometimes 1, and is not always

getting closer and closer to a unique real number. Therefore lim sinx does not exist.

X—+00
Example 2.38 Evaluate the following limits:
@ 6x3 —7x+1 @ 1 1
a im —————— C im
—+ 00 _ 3 2 -0 1
x—+ 2x° + x x—0 34 ex
o) lim St d) lim (Va?—2x+3+x)
O T2 @ Jm (V% —2x+34x
Solution:
(a)
7
6x° —7x + 1 y 6-72+t3 6-0+0
—-+00 — 3 2 - —1>moo - — -
x>+ 2x3 + x x—+ o4 1 240
(b) With the change of variable t = i, we have
1 =L
. x3+1 y I+3 y 1+1¢3 . 1413
—_— = —_ = —_——— = —00,
ot ] — 2% xodeo L 2 o0v (3 — 2t ts0v ¢ (2 —2)
x3 X —:6’"' —>—-2
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1

(c) With the change of variable t = =, we have llrgl ex = thm et =0. So,
x—0" ——00
Y 1 1 1 1
Lm_ 1 = 1 = = —,
2034 ex 3+lir(r)1€§ 3+0 3
x—0~

(d)

x2—2x+3—
lim(x2—2x+3+x)=lim [( x2—2x+3+ )
X——00 X——00 \/TH—X
o (x —2x+3)—x —2x+3
—_ —_ x—)OO
VxZ—2x+3—x . ,1——+——x
[\/_Zz—xforx<0 ]/24—3/)( —-2+4+0
lim =1
xo-eo _ [1-2/x+3/x2 -1 —V1-0+0-1

Remark 2.39 When computing the limit of an expression, we should NEVER “replace part of the
expression by its limit without handling the rest”. Although sometimes one may still arrive at the

correct answer, writing
) —2x+3 ) —2x+3 . —2x+3
lim = lim = lim ———— = X
Xm0 _x J1—2/x+3/x?—x =@ —xJ1-0+0—x x>-© —2x

is as logically INCORRECT as writing

lim x

0
lim- = lim*~*— = lim— = lim 0 = 0. X
x-0X x—0 X x-0X x—0

The following illustrates how to apply the Squeeze Theorem for a limit at infinity.

Example 2.40 Evaluate the limit
Cos x

lim
x—+o0 eX

if it exists.

Solution:
Noting that —1 < cosx < 1 for every real number x, we have

1 cosx 1
—— =< <— for every real number x.
e* e* e*

Since lirP —eix =0 and lim eix = 0, by Squeeze Theorem we have
X—>+00

X—+00
. cosx
lim =
x—+o0 eX
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An asymptote of the graph of a function is a line that approximates the trend of the function.

Definition 2.41 Let m and c be real numbers and let f be a function.
(i) If

lim f(x) =4+ or —oo or lim f(x) = 400 or —oo,
x—c~ x-ct

then the line x = c is called a vertical asymptote of the graph of f.
(i) If
lirP [f(x) —(mx+c)]=0 or lim [f(x) — (mx +c¢)] =0,
X—>+00 X—>—00

then the line y = mx + ¢ is called a horizontal asymptote of the graph of f when m =0,
or a slant asymptote of the graph of f when m # 0.

Example 2.33 - 2.35 Here are some immediate examples of asymptotes of graphs.
® The graph of the function
1
f(x) = o
has a vertical asymptote x = 0 and a horizontal asymptote y = 0.
® The graph of the function
fx) =e*
has a horizontal asymptote y = 0 and has no vertical or slant asymptotes.
® The graph of the function
f(x) =Inx
has a vertical asymptote x = 0 and has no horizontal or slant asymptotes.
® The graph of the function
f(x) =tanx

_3m __5m _ b4 _ 3 _ 51
, X =—, X=—, ., X =——" X =——", X=——, ..,

has many vertical asymptotes x =
2 2 2 2 2

NS

and has no horizontal or slant asymptotes.
® The graph of the function

f(x) = arctanx

has two horizontal asymptotes y = % and y = —%, and has no vertical or slant asymptotes.
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Example 2.42 Let f be the function defined by the formula

()_2x3—x2—4x—4
fx) = x2—4

Find all the asymptotes of the graph of f.

Solution:
(i)  Vertical asymptotes: We first note that the denominator of f can be factorized as
x2—4=(x—2)(x+2).
Forevery a # —2 and a # 2, we have

2x3 —x%? —4x —4

lim f(x) = lim
xX—a x—-a

(x—2)(x+2)
_2a®-a®—4a—4
(a—2)(a+2)

which is finite. So x = a is not a vertical asymptote of the graph of f for any of these a’s.

It remains to consider the two vertical lines x = —2 and x = 2.

® As x > —2,the numerator of f tendsto 2(—2)3 — (—2)? —4(-2)—4 = —16, s0

--16
i o) = i 2x3 —x?2 —4x—4 N
m. f(x) = lim = 4o
x—}—2+f PN (x=2)(x+2)
——4 -0t
This one-sided limit is infinite, so x = —2 is a vertical asymptote of the graph of f.

® As x — 2, the numerator of f tends to 2(2)3—(2)2-4(2)—4=0,s0 (x —2) is a
factor of the numerator of f. Factorizing the numerator, we get
(x—2)(2x% +3x + 2)
(x—2)(x+2)
C 2x*+3x+2
= lim—
x—2 x4+ 2
2(2)2+3(2)+2
- 2+2 =4
which is finite. So x = 2 is not a vertical asymptote of the graph of f.

e =
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(i) Horizontal or slant asymptotes: Using long division, the rational function f can be rewritten

as
2x3 —x? —4x — 4 4x — 8
f(x) = ) =2x—1+x2_4.
Thus we have
4x — 8 g 0-0
X — 2 -
xllrfoo[f(x)_(zx_l)]:xllrinoon—zL:xliTooj_EZ:1—020’
x

and so the line y = 2x — 1 is a slant asymptote of the graph of f. The graph of f has no

horizontal asymptotes.

In the previous example, we took advantage of the fact that f is a rational function when finding
the numbers m and c for the horizontal or slant asymptotes. In general when f is any kind of
function, if the graph of f has horizontal or slant asymptotes, then we can always find these

asymptotes using the following result.

Lemma 2.43 Let m and c be real numbers and let f be a function. If the line y = mx+c is

a horizontal or slant asymptote of the graph of f, then either

F@)

m = lim and ¢ = lim [f(x) — mx],
X—+0oo X X—+00
or
X
m = lim Q and c = lim [f(x) — mx].
xX——0o X X—>—00
Proof. The proofis left as an exercise for the reader (see Q16 of Problem Set 2). [ |
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Remark 2.44 To find the asymptotes of the graph of a function f, we need to do the following:
(i)  First identify the domain of f.
(ii) For each boundary point a of the domain of f, we compute the one-sided limits

lim f(x) and lim, f(x).
xX—a x—-a

If at least one of them is infinite, then x = a is a vertical asymptote of the graph of f.

(iii) If the domain of f is unbounded towards +oo, then we compute the limit

k)
lim —.
x>+ X
If this limit exists as a finite real number, then we call this real number m and proceed to

compute the limit

lim [f(x) — mx]

xX—+00

If this second limit also exists as a finite real number ¢, then the line y=mx +c is a
horizontal or slant asymptote of the graph of f. Do the same for —oo if the domain of f is

unbounded towards —co.

Example 2.45 Let f be the function defined by the formula
(x) = xsin~
fx) = xsmx.

Find all the asymptotes of the graph of f.

Solution:
The domain of f is (—o0,0) U (0, +0).
® The only boundary point of the domainis 0. We can check that

1
li = li in—=20
lim f(x) lim x sin 2
by a Squeeze Theorem argument similar to Example 2.26. Since none of the one-sided limits

is infinite, the graph of f has no vertical asymptotes.

® Next we compute the limits

xli?oo@ = A, Sin% =sin0 =0,
and also
i - 1 ~ sint
xl_lgloo[f(x) —0x] = lim x sin—= lim —— =1

with a change of variable t =§. Therefore the line y =0x + 1, or simply y=1, is a

horizontal asymptote of the graph of f. The graph of f has no slant asymptotes.

Page 21 of 28



MATH1013 Calculus | Chapter 2 Limits and continuity
L02, L10 (Fall 2025)

4. Continuity

We have seen in Theorem 2.19 that we can directly substitute the value of an elementary function
when computing its limit at a point where it is well-defined. In general, functions having this

property are called continuous functions.

Definition 2.46 Let [ beaninterval,let f:I - R be afunctionandlet a € I be areal number.
(i) If a isintheinterior of I, then we say that f is continuous at a if

lim f(x) = f(a).
x—a

(ii) If a isthe left end-point of I, then we say that f is continuous at a if
lim, f(x) = f(a).
xX—-a

(iii) If a isthe right end-point of I, then we say that f is continuous at a if
lim f(x) = f(a).
xX—-a

We say that f is discontinuous at a if it is not continuous at a.

Remark 2.47 According to the above definition, by saying that f is continuous at a we implicitly
require that the following three statements all hold:
®© f iswell-defined at a (i.e. f(a) is well-defined, or a isin the domain of f).

®© Thelimit lim f(x) (or the one-sided limit at an end-point) exists as a real number.
xX—-a

® limf(x) = f(a).

y=fk)

\
\V @

f is continuous at a

Y

1 y = F@x) I y=fx 4 y = F&x)

\ A \ .
[/ @ Ve NV

f isdiscontinuous at a
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Definition 2.48 We say that a function f is continuous on an interval if it is continuous at every
number in that interval. We say that f is continuous everywhere, or simply f is continuous, if it

is continuous on its whole domain.

Intuitively speaking, a function f is continuous at a if its graph does not “break” and has no
“sudden jump” when going through the point (a,f(a)). f is continuous on an interval if its
whole graph can be drawn without lifting the pen away from the paper.

There are many examples of continuous functions. For instance, restating Theorem 2.19 we have:

Theorem 2.49 Polynomials, rational functions, power functions, exponential functions, logarithmic

functions, trigonometric functions and inverse trigonometric functions are all continuous.

Theorem 2.50 The absolute value function is continuous.

Proof. Forevery a #+ 0, the absolute value function (near a) is just a monomial, either x or —x;
so it is continuous at every a #+ 0 by Theorem 2.19. Moreover, as in Example 2.11 we have

lim |x| = lim x =0, lim|x| = lim —x =0 and |0] =0,
x—0t x—-0*t x>0~ x>0~
so the absolute value function is continuous at 0 also. []

Restating Theorem 2.14 we also have

Theorem 2.51 Let f and g be continuous functions. Then f+g, f—g and fg are all

continuous, and § is continuous at every number except at those a where g(a) = 0.

Example 2.52 Let

_(a®x?® —=2a ifx<1
f() _{acosnx+1 ifx>1

Determine the possible value(s) of a such that f is continuous everywhere.

Solution:
On the intervals (—o,1) and (1,+), f is always continuous since it consists of sums of
well-defined polynomials and trigonometric functions only. In order for f to be continuous at 1,

we need to require that

lim f(x) = lim f(x) = f(1).
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Since

lim f(x) = lim (a*x? — 2a) = a* — 2aq,
x—->1" x—-1"

lim f(x) = lim (acosmx +1) =acosmt+1=—-a+1,
x—-1+t x—-1+F

f(1) =a?(1)? - 2a = a? — 2aq,
the requirement becomes

a’?—2a=—-a+1

= a?—a—1=0
14++/5 1—+/5
> aq= 5 or a=—

When computing limits, it is often convenient if we can move the limit sign through a function
symbol. It turns out that this swapping of the limit sign and the function symbol is valid if the

function is continuous. This result follows from Theorem 2.19 about change of variables.

Theorem 2.53 Let a be a real number and f and g be functions. If lim g(x) = b exists as a
xX—-a

real number and if f is well-defined near this real number b and is continuous at b, then

lim £(900)) = £ (lim g(x)) = £ (b).

A similar statement also holds for one-sided limits and for limits at infinity.

Example 2.54 Evaluate the limit lim tan(sinx).

xX—=
2

Solution:

Since lm}r sinx = sin- = 1 and the function tan is continuous at 1, we have

N
X3

lim tan(sinx) = tan <lim sin x> = tan 1.
=
From Theorem 2.53 we deduce the following, which leads to even more examples of continuous

functions.

Theorem 2.55 The composition of two continuous functions is continuous. In particular, if f isa
continuous function, then the functions |f|, f% e/, Inf, cosf, sinf, arccosf, arcsinf, etc.

are all continuous.
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There are two important properties of continuous functions of a real variable:
® Intermediate Value Theorem

® Extreme Value Theorem

Theorem 2.56 (Intermediate Value Theorem) Let f:[a,b] = R be a function which is continuous
on a bounded closed interval [a,b]. If

f@f®) <0
(one of f(a) or f(b) is positive and the other is negative), then there exists c¢ € (a, b) such that

f(c)=0.

A

A

Intermediate Value Theorem is often useful in showing the existence of some point taking certain

function values, for example zeros of some functions or solutions to some equations.

Example 2.57 Let f(x) =x3—8x+5. Since f is a polynomial, it is continuous everywhere.
Since

f(0)=03-8(0)+5=5>0 and f(H)=13-8(1)+5=-2<0,
by Intermediate Value Theorem, we know that f has at least one root in the interval (0, 1).

Example 2.57 Show that the polynomial
f(x) =x3—-8x+5
has exactly three real roots.

Proof: [It is hard to find the three real roots exactly if we do not remember the “cubic formula”.

But just to show the existence of three real roots, we can simply use Intermediate Value Theorem.]

®© We haveseenthat f(0) >0 and f(1) < 0. Moreover, we also have
f(=100) <0 and f(100) > 0.
Since f is a polynomial, it is continuous everywhere. Applying Intermediate Value Theorem
to f, we see that f has at least one root in (—100,0), at least one root in (0,1) and at
least one rootin (1,100). So f has at least three distinct real roots.
®© On the other hand, since f is a polynomial of degree 3, f has at most three real roots (cf.
Theorem 1.19).

Therefore f has exactly three real roots. [
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The following definitions will help us understand the statement of the Extreme Value Theorem.

Definition 2.58 Let A € R be the domain of a function f:A - R, and let c € A be a real
number in the domain of f.
©® If
fx) <f(c) for every x € A,
then we say that f attains global maximum (or absolute maximum) at c¢. The value f(c)
is called a global maximum value of f, and the corresponding point (c,f(c)) on the graph
of f is called a global maximum point.
©® If
f(x) =f(c) for every x € A,
then we say that f attains global minimum (or absolute minimum) at c. The value f(c) is
called a global minimum value of f, and the corresponding point (c,f(c)) on the graph of
f is called a global minimum point.
Global maximum (pl. maxima) and global minimum (p/. minima) are collectively called global

extremum (pl. extrema).

Definition 2.59 Let A € R be the domain of a function f:A - R, and let c € A be a real
number in the domain of f.
® If f(x) < f(c) forevery x € A thatare near c, i.e. if there exists § > 0 such that
f(x) <f(c) foreveryx € (c —6,c+8) N A,
then we say that f attains local maximum (or relative maximum) at c¢. The value f(c) is

called a local maximum value of f, and the corresponding point (c,f(c)) on the graph of f
is called a local maximum point.
® If f(x) = f(c) forevery x € A thatare near c, i.e. if there exists § > 0 such that
f(x) = f(c) foreveryx € (c —6,c+8) N A,
then we say that f attains local minimum (or relative minimum) at c. The value f(c) is

called a local minimum value of f, and the corresponding point (c,f(c)) on the graph of f
is called a local minimum point.

Local maximum and local minimum are collectively called local extremum.

Local max. &
Global max.
Local max.
Local max.
y=f)
. Local min,
Local min.
A
7
X1 Xy X3 X4 W X Y7
Local min. .
Local min. &
Global min.
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Theorem 2.60 (Extreme Value Theorem) Let f:[a,b] = R be a function which is continuous

on a bounded closed interval [a,b]. Then f attains global maximum somewhere in [a,b] and

global minimum somewhere in [a, b], i.e. there exist c¢,d € [a, b] such that

f@O=<f)=<f(d

forevery x € [a,b].
Remark 2.61 Graphically, the Extreme Value Theorem says that the A
graph of a continuous function on a bounded closed interval must /\/
have at least one highest point and one lowest point. Note that = C :i >
® Extreme Value Theorem only asserts the existence of these [\\/\/

global maxima and minima, but does not tell us how to find

them. Later in chapter 4 we will learn how to find these points

for some special class of continuous functions.
® This theorem is not true for a continuous function on an open interval. As a counter example,

the function
f(x) =tanx

is continuous on the open interval (—g,g), but its graph has neither a highest point nor a

lowest point because

lim tanx = +oo and lim tanx = —oo.
s TL'+
x—>7 x_)_i

It is still not true even for a bounded continuous function on an open interval.
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Summary of Chapter 2

The following are what you need to know in this chapter in order to get a pass (a distinction) in this

course:

AN

N N NN

<\

<\

The informal definition of limits of functions at a real number
One-sided limits

Evaluating limits of functions graphically

Basic arithmetic operations on limits
Limits of elementary functions
Evaluating limits of functions using factorization or rationalization
Evaluating limits of functions using a change of variables
Squeeze Theorem
sinx

lim =1
x-0 X

Limits at infinity
Infinite limits

Asymptotes of graphs of functions: Vertical, horizontal and slant asymptotes

Definition of continuity at a point and on an interval

Elementary functions are continuous on their domains

If f and g are continuous, then f+g, f—g, fg, f—], fog, Ifl, f€ and f~1 are all
continuous on their respective domains.

If f iscontinuous, then )lci_r)rcllf(g(x)) = f(}lci_r)r(llg(x)).

Intermediate Value Theorem
Extreme Value Theorem

Absolute extrema and relative extrema of a function
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